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Abstract. We give a canonical procedure associating to an algebraic num- 
ber a first a hyperelliptic curve C a , and then a triangle curve (D a ,G a ) 
, obtained through the normal closure of an associated Belyi function. 

£N| ' In this way we show that the absolute Galois group Gal(Q/Q) acts faith- 

; I , fully on the set of isomorphism classes of marked triangle curves, and on the 

set of connected components of marked moduli spaces of surfaces isogenous 
to a higher product (these are the free quotients of a product C\ x C 2 of 
curves of respective genera gi, g 2 > 2 by the action of a finite group G). We 
show then, using again the surfaces isogenous to a product, first that it acts 
faithfully on the set of connected components of moduli spaces of surfaces 
| of general type (amending an incorrect proof in a previous ArXiv version 

■ of the paper); and then, as a consequence, we obtain that for every element 

(7 € Gal(Q/Q), not in the conjugacy class of complex conjugation, there 
exists a surface of general type X such that X and the Galois conjugate 
surface X a have nonisomorphic fundamental groups. 

Using polynomials with only two critical values, we can moreover exhibit 
infinitely many explicit examples of such a situation. 

> 
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In the 60's J. P. Serre showed in |Ser64] that there exists a field automor- 



cn 

phism a G Gal(Q/Q), and a variety X defined over Q such that X and the 
Galois conjugate variety X a have non isomorphic fundamental groups, in par- 
ticular they are not homeomorphic. 

In this note we give new examples of this phenomenon, using the so-called 
'surfaces isogenous to a product' whose weak rigidity was proven in |CatOO] 
(see also |Cat03j ) and which by definition are quotients of a product of curves 
(Ci x C 2 ) of respective genera at least 2 by the free action of a finite group G. 

One of our main results is a strong sharpening of the phenomenon discovered 
by Serre: observe in this respect that, if c denotes complex conjugation, then 
X and X c are diffeomorphic. 

Theorem 0.1. If a G Gal(Q/Q) is not in the conjugacy class of c, then there 
exists a surface isogenous to a product X such that X and the Galois conjugate 
variety X a have non isomorphic fundamental groups. 

Moreover, we give some faithful actions of the absolute Galois group 
Gal(Q/Q), related among them. 

The following results are based on the concept of a (symmetry-) marked 
variety. A marked variety is a triple (X, G, rj) where X is a projective variety, 
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and 77: G —> Aut(AT) is an injective homomorphism (one says also that we 
have an effective action of the group G on X): here two such triples (X, G, rj), 
(X', G', rf) are isomorphic iff there are isomorphisms f:X—t X', and ip : G — > 
G' such that / carries the first action 77 to the second one rj (i.e., such that 
rj' oip — Ad(/) or], where Ad(/)(</>) := /</>/ -1 ). A particular case of marking is 
the one where G C Aut(A) and 77 is the inclusion: in this case we may denote 
a marked variety simply by the pair (A, G) . 

Theorem 0.2. To any algebraic number a ^ Z there corresponds, through a 
canonical procedure ( depending on an integer g > 3), a marked triangle curve 
(D a ,G a ). 

This correspondence yields a faithful action of the absolute Galois group 
Gal(Q/Q) on the set of isomorphism classes of marked triangle curves. 

Theorem 0.3. The absolute Galois group Gal(Q/Q) acts faithfully on the set 
of connected components of the (coarse) moduli spaces of Stale marked surfaces 
of general type. 

With a rather elaborate strategy we can then show the stronger result: 

Theorem 0.4. The absolute Galois group Gal(Q/Q) acts faithfully on the set 
of connected components of the (coarse) moduli space of surfaces of general 
type. 

Our method is closely related to the so-called theory of 'dessins d' enfants' 
(see [Gro97j ). Dessins d' enfants are, in view of Riemann's existence theorem 
(generalized by Grauert and Remmert in [GR58] ). a combinatorial way to 
look at the monodromies of algebraic functions with only three branch points. 
We emphasize once more how we make here an essential use of Belyi functions 
( |Belyi79"l ) and of their functoriality. Our point of view is however more related 
to the normal closure of Belyi functions, the so called marked triangle curves, 
i.e., pairs (C,G) with G C Aut(C) such that the quotient C/G = P 1 and the 
quotient map is branched exactly in three points. 

In the first section we describe a simple but canonical construction which, 
for each choice of an integer g > 3, associates to a complex number a G C \ Q 
a hyperelliptic curve C a of genus g, and in such a way that C a = C& iff a = b. 

In the later sections we construct the associated triangle curves (D a , G a ) 
and prove the above theorems. 

It would be interesting to obtain similar types of results, for instance for- 
getting about the markings in the case of triangle curves, or even using only 
Beauville surfaces (these are the surfaces isogenous to a product which are 
rigid: see |Oat00] for the definition of Beauville surfaces and |Cat03] . [BCG05j . 
|BGG06j for further properties of these). 

Theorem 10.41 was announced by the second author at the Alghero Confer- 
ence 'Topology of algebraic varieties' in September 2006, and asserted with an 
incorrect proof in the previous ArXiv version of the paper ( |BCG07] ). The 
survey article |Cat09] then transformed some of the theorems of |BCG07] into 
conjectures. The present article then takes up again some conjectures made 
previously in |BCG07j and repeated in |Cat09j . 
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The main new input of the present paper is the systematic use of twists of 
the second component of an action on a product C\ x C 2 by an automorphism 
of the group G and the discovery that this leads to an injective homomorphism 
of the Kernel & of the action (on the set of connected components vro(9Jl) of the 
moduli space of surfaces of general type) into some Abelian group of the form 
©G(Z(Out((j)), Z denoting the centre of a group. Then we use a known result 
(cf. |F-J08j ) that Gal(Q/Q) does not contain any nontrivial normal abelian 
subgroup. 

Observe that Robert Easton and Ravi Vakil ( [E-V07] ). with a completely 
different type of examples, showed that the Galois group Gal(Q/Q) operates 
faithfully on the set of irreducible components of the moduli spaces of surfaces 
of general type. 

In the last section we use Beauville surfaces and polynomials with two critical 
values in order to produce infinitely many explicit and simple examples of pairs 
of surfaces of general type with nonisomorphic fundamental groups which are 
conjugate under the absolute Galois group (observe in particular that the two 
fundamental groups have then isomorphic profinite completions). 

1. Very special hyperelliptic curves 

Fix a positive integer g £ N, g > 3, and define, for any complex number 
a £ C \ {—2(7, 0, 1, . . . , 2g — 1}, C a as the hyperelliptic curve of genus g 

w 2 = {z _ a){z + 2g)U 2 i -l {z _ i) 

branched over {—2g, 0, 1, . . . , 2g — 1, a} C P^. 
Proposition 1.1. 

(1) Consider two complex numbers a, b such that a £ C \ Q: then C a = Cb 
if and only if a = b. 

(2) Assume now that g > 6 and let a, b £ C \ {— 2g, 0, 1, . . . , 2g — 1} be two 
complex numbers. Then C a = Cb if and only if a = b. 

Proof. One direction being obvious, assume that C a = Cb- 

1) Then the two sets with 2g + 2 elements B a := {— 2g, 0, 1, . . . , 2g — 1, a} 
and B b :— {— 2g, 0, 1, . . . , 2g — l,b} are projectively equivalent over C (the 
latter set Bb has also cardinality 2g + 2 since C a = Cb and C a smooth implies 
that also Cj, is smooth). 

In fact, this projectivity if is defined over Q, since there are three rational 
numbers which are carried into three rational numbers (because g > 2). 

Since a ^ Q it follows that f(a) ^ Q hence tp(a) — b ^ Q and <p maps B : = 
{—2g, 0, 1, . . . 2g — 1} to B, and in particular ip has finite order. Since y? yields 
an automorphism of P^, it either leaves the cyclical order of {—2g, 0, 1, . . . , 2g — 
1) invariant or reverses it, and since g > 3 we see that there are 3 consecutive 
integers such that ip maps them to 3 consecutive integers. Therefore if is either 
an integer translation, or an affine symmetry of the form x i— > —x + 2n, where 
2n £ Z. In the former case if = id, since it has finite order, and it follows in 
particular that a = b. In the latter case it must be 2g + 2n = ip{—2g) = 2g — 1 
and 2n = f(0) = 2g — 2, and we derive the contradiction — 1 = 2n = 2g — 2. 
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2) The case where a, b G Q is similar to the previous one: <p preserves or 
reverses the cyclical order of the two sets, and we are done as before if (p(a) = b. 

Observe that the set B a := {— 2g, 0, 1, . . . , 2g — l,a} admits a parabolic 
transformation ip(x) := x + 1, with oo as fixed point, with the properties 
that \i(j(B a ) n B a \ > 2g — 1, and that there is an element 6 5 a such that 
ip(0), . . . ,ip 29 ^ 1 (0) G B a . If B b is projectively equivalent to B a , then also B b 
inherits such a parabolic transformation r with this property. 

Assume that the fixed point of r is oo: then <p(oc) = oo, (p is affine and, 
since (p o ip = r o tp, r is of the form t{x) = x + m, for some m G Q, and 
moreover <p(x) = mx + r, for some r G Q. In fact, if we set <p(x) = ax + r, 
ipoip = Totp<^ a(x + l) + r = ax + r + m^m = a. 

Since r(x) = x + m, the above property implies that m = ±1, hence also 
<p(x) = ±x + r. 

Claim: v 9 ( a; ) = + r a = b. 

First proof of the claim: 

If ip(x) = x + r, then S;, contains {r, . . . , (2p — 1) + r} and either 

(1) r = and tp = id or 

(2) r = 1, Bb contains 2(/ and —2g + 1, a contradiction, or 

(3) r = — 1, Bb contains —1 and —2g — 1, a contradiction. 

Similarly, if ip(x) = —x + r, Bb contains {r — (2g — 1), . . . , r} and either 

(1) r — 2g — 1 and a = 6 = 4g — 1 or 

(2) r = 2g, Bb contains 2g and 4g, a contradiction, or 

(3) r = 2g — 2, Bb contains —1 and — 4g — 2, a contradiction. 



Let w be the fixed point of r: then we may assume that weQ and we must 
exclude this case. Observe that in the set Bb each consecutive triple of points 
is a triple of consecutive integers, if no element in the triple is — 2g or b. This 
excludes at most six triples. Keep in mind that a G B a and consider all the 
consecutive triples of integers in the set {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11}: at most 
two such triples are not a consecutive triple of points of B a . We conclude that 
there is a triple of consecutive integers in the set {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11} 
mapping to a triple of consecutive integers under ip>. Then either ip> is an integer 
translation x (-> x + n, or it is a symmetry x i— > —x + 2n with 2n G Z. 

Second proof of the claim: 

In both cases the intervals equal to the respective convex spans of the sets 
B a , Bb are sent to each other by tp, in particular the length is preserved and 
the extremal points are permuted. If a G [—2g, 2g — 1] also b G [—2g, 2g — 1] 
and in the translation case n = 0, so that <p(x) = x and a = b. We see right 
away that ip cannot be a symmetry, because only two points belong to the left 
half of the interval. 

If a < —2g the interval has length 2g — 1 — a, if a > 2g — 1 the interval has 
length 2g + a. Hence, if both a,b < —2g, since the length is preserved, we find 
that a = b; similarly if a, b > 2g — 1. 



□ 
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By symmetry of the situation, we only need to exclude the case a < —2g, 
b > 2g — 1: here we must have 2g — 1 — a = 2g + b, i.e., a = — b — 1. We 
have already treated the case where b = </?(a), hence we have a translation 
tp(x) = x + n and since <p(2g — l)=b, tp(2g — 2) = 2g — l, it follows that n — 1, 
and then (p(—2g) = —2g + 1 gives a contradiction. □ 

□ 

We shall assume from now on that a, b G Q \ Q and that there is a field 
automorphism cr G Gal(Q/Q) such that a (a) = b. (Obviously, for any a G 
Gal(Q/Q) different from the identity, there are a, b G Q \ Q with a(a) = b and 
a ^ b.) 

The following is a special case of Belyi's celebrated theorem asserting that 
an algebraic curve C can be defined over Q if and only if it admits a Belyi 
function, i.e., a holomorphic function /: C — > P 1 whose only critical values are 
in the set {0, 1, oo}. The main assertion concerns the functoriality of a certain 
Belyi function. 

Proposition 1.2. Let P G Q[x] be the minimal polynomial of a G Q and 
consider the field L := Q[x]/(P). Let C x be the hyperelliptic curve over L 

w 2 = {z-x){z + 2g)Tl%-\z-i). 

Then there is a rational function F x : C x —> ¥\ such that for each a G C with 
P(a) = it holds that the rational function F a (obtained under the specializa- 
tion x !->• a) is a Belyi function for C a . 

Proof. Let f x : C x — > be the hyperelliptic involution, branched in 

{— 2g, 0, 1, . . . , 2g — l,x}. Then P o f x has as critical values: 

• the images of the critical values of f x under P, which are G Q, 

• the critical values y of P, i.e. the zeroes of the discriminant hi(y) of 
P(z) — y with respect to the variable z. 

hi has degree deg(P) — 1, whence, inductively as in |Belyi79| , we obtain 
f x := h o P o / whose critical values are all contained in Q U {oo} (see |Wo01j 
for more details). If we take any root a of P, then obviously f a has the same 
critical values. 

Let now r±, . . . , r n G Q be the (pairwise distinct) finite critical values of f x . 
We set: 

1 

Let iV G N be a positive integer such that m ; := Nyi G Z. Then we have 
that the rational function 

g{t) := n,j(t - ri) nH G Q(t) 

is ramified at most in oo and r±, . . .r n . In fact, g'(t) vanishes at most when 
g{t) = or at the points where the logarithmic derivative G{t) := = 

Y^i m i(t^r~ ) has a zero. However, G{t) has simple poles at the n points 
ri, . . . , r n and by the choice made we claim that it has a zero of order n at oo. 
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In fact, consider the polynomial -^G(t)Ui(t — r,), which has degree < n — 1 
and equals 

y^Mt - rj) = n i^(* - ^ n.J-rV 

It takes value 1 in each of the points r l7 . . . r n , hence it equals the constant 1. 

It follows that the critical values of g o f x are at most 0, oo, g(oo). 

We set F x := $ o g o f x where $ is the affine map z i— > g(oc)~ 1 z, so that the 
critical values of F x are equal to {0, 1, oo}. It is obvious by our construction 
that for any root a of P, F a has the same critical values as F x , in particular, 
F a is a Belyi function for C a . 

□ 

Since in the sequel we shall consider the normal closure (we prefer here, to 
avoid confusion, not to use the term 'Galois closure' for the geometric setting) 
ip a : D a — > Fq of each of the functions F a : C a — > Fq, we recall in the next 
section the 'scheme theoretic' construction of the normal closure. 



2. Effective construction of normal closures 

In this section we consider algebraic varieties over the complex numbers, 
endowed with their Hausdorff topology, and, more generally, 'good' covering 
spaces (i.e., between topological spaces which are locally arcwise connected 
and semilocally simply connected). 

Lemma 2.1. Let n: X — >■ Y be a finite 'good' unramified covering space of 
degree d between connected spaces X and Y . 

Then the normal closure Z of ir: X — > Y (i.e., the minimal unramified 
covering of Y factoring through n, and such that there exists an action of a 
finite group G with Y = Z/G) is isomorphic to any connected component of 

W := W n :=(X x Y ... x Y X)\A C X d \A, 

where A := {(x±, . . . , Xa) € X d \3i ^ j , Xi = Xj} is the big diagonal. 

Proof. Choose base points x G X, y e Y such that n(x ) = y and denote 
by F the fibre over y , F := ^({yo}). 

We consider the monodromy /x: 7Ti(Y,y ) — > (3^ = &(F ) of the unramified 
covering ir. The monodromy of 0: W — > Y is induced by the diagonal product 
monodromy iri(Y,y ) — > @(Fq), such that, for (xi, . . . ,Xd) G Fq, we have 
li d (i)(x 1 ,...,Xd) = (^(xi), . . . , v("/)(x d )). 

It follows that the monodromy of 0: W — > Y, nw'- ^i(Y,y ) &(&d) is 
given by left translation ^w{l){ T ) — nil) ° ( r )- 

If we denote by G := /i(7ii(Y, y )) C &d the monodromy group, it follows 
right away that the components of W correspond to the cosets Gt of G. Thus 
all the components yield isomorphic covering spaces. 

□ 
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The theorem of Grauert and Remmert ( [GR58] ) allows to extend the above 
construction to yield normal closures of morphisms between normal algebraic 
varieties. 

Corollary 2.2. Letn: X -^-Y be a finite morphism between normal projective 
varieties, let B C Y be the branch locus of n and set X° := X \ ir~ 1 (B), 
Y° :=Y\B. 

If X is connected, then the normal closure Z of n is isomorphic to any 
connected component of the closure of W° := (X° Xyo ... Xyo X°)\A in the 
normalization W n of W := (X Xy . . . x y X) \ A. 

Proof. The irreducible components of W correspond to the connected com- 
ponents of W°, as well as to the connected components Z of W n . So, our 
component Z is the closure of a connected component Z° of W°. We know 
that the monodromy group G acts on Z° as a group of covering transforma- 
tions and simply transitively on the fibre of Z° over v®: by normality the action 
extends biholomorphically to Z, and clearly Z/G = Y. 

□ 

3. Faithful action of the absolute Galois group on the set of 
marked triangle curves (associated to very special 
hyperelliptic curves) 

Let a be an algebraic number, g > 3, and consider as in section [T] the 
hyperelliptic curve C a of genus g defined by the equation 

w 2 = {z-a)(z + 2g)T[l 9 = -\z-i). 

Let F a : C a — > P 1 be the Belyi function constructed in proposition 11.21 and 
denote by ip a : D a — > P 1 the normal closure of C a as in corollary 12.21 

Remark 3.1. (1) We denote by G a the monodromy group of D a and ob- 
serve that there is a subgroup H a C G a acting on D a such that 
D a /H a — C a . 

(2) Observe moreover that the degree d of the Belyi function F a depends 
not only on the degree of the field etension [Q(a) : Q], but much more 
on the height of the algebraic number a; one may give an upper bound 
for the order of the group G a in terms of these. 

The pair (D a , G a ) that we get is a so called triangle curve, according to the 
following definition (see |Gat00j ): 

Definition 3.2. (1) A marked variety is a triple (X,G,r]) where X is a 
projective variety and rj: G — > Aut(X) is an injective homomorphism 

(2) equivalently, a marked variety is a triple (X, G, a) where a: X x G — > X 
is an effective action of the group G on X 

(3) Two marked varieties (X,G,a), (X',G',a') are said to be isomorphic 
if there are isomorphisms f:X—t X' , and ip: G — > G' transporting 
the action a: X x G —> X into the action a':I'xG'-> X' , i.e., such 
that 



f o a = a' o (/ x ^) & rf o $ = Ad(/) o rj, Ad(/)(0) := f<j>f-\ 
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(4) Is G defined as a subset of Aut(X), then the natural marked variety is 
the triple (X,G,i), where i: G — > Aut(X) is the inclusion map, and 
shall sometimes be denoted simply by the pair (X, G) . 

(5) A marked curve (D,G,r]) consisting of a smooth projective curve of 
genus g and an effective action of the group G on D is said to be 
a marked triangle curve of genus g if D/G = P 1 and the quotient 
morphism p: D — >■ D/G = P 1 is branched in three points. 

Remark 3.3. Observe that: 

1) we have a natural action of Aut(G) on marked varieties, namely 

i/j(X,G,r,):=(X,G,r ] oij- 1 ). 

2) the action of the group Inn(G) of inner automorphisms does not change 
the isomorphism class of (X,G,r]) since, for 7 G G , we may set f := (77(7)), 
if) := Ad(7), and then r\ o if) — Ad(/) o r\, since r](if>(g)) = vilQl' 1 ) = 
v(l)v(9)(v(l)- l )=M(f)(r ] (g)). 

3) In the case where G = Aut(X), we see that Out(G) acts simply transi- 
tively on the isomorphism classes of the Aut(G)-orbit of (X,G,r]). 

Consider now our triangle curve D a : without loss of generality we may 
assume that the three branch points in P 1 are {0, 1, 00} and we may choose a 
monodromy representation 

ii: ^(P^ {0,1, 00}) -+G a 

corresponding to the normal ramified covering ip a : D a — > P 1 . Denote further 
by To, Ti, the images of geometric loops around 0, 1, 00 . Then we have 
that G a is generated by r , t±, r M and r • T\ • = 1. By Riemann's existence 
theorem the datum of these three generators of the group G a determines a 
marked triangle curve (see |Cat00j . |BCG05j ). 

We can phrase our previous considerations in a theorem, after preliminarily 
observing: 

Remark 3.4. 1) a G Aut(C) acts on C[zo,...z n ], by sending P(z) = 
£/= (i0r ..,i„) ^z 1 ^> a{P)(z) := £/= (io ,...,i„) (r(ai)z 1 . 
2) Let X be a projective variety 

XcPg,X:={z|/ i (z) = 0Vi}. 

The action of a extends coordinatewise to P^ ; and carries X to the set c(X) 
which is another variety, denoted X a , and called the conjugate variety. In 
fact, since fi(z) = implies a(fi)(a(z)) = 0, one has that 

X° = {w\a(f l )(w)=0Vi}. 

3) Likewise, if f : X -^-Y is a morphism, its graph V f is a subscheme ofXxY, 
hence we get a conjugate morphism f a : X u — > Y° ' . 

4) Similarly, if G C Aut(X), and i: G — > Aut(X) is the inclusion, then a 
determines another marked variety (X a , G, Ad(cr) o i), image of (X, G, 1). 

In other words, we have G a C Aut(X°") in such a way that, if we identify G 
with G a via Ad(a), then (X/G) a ^ X a /G. 
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Theorem 3.5. To any algebraic number a ^ Z there corresponds, through a 
canonical procedure ( depending on an integer g > 3), a marked triangle curve 
(D a ,G a ). 

This correspondence yields a faithful action of the absolute Galois group 
Gal(Q/Q) on the set of isomorphism classes of marked triangle curves. 

Proof. Let (D, G) be a marked triangle curve, and a G Gal(Q/Q): extend o to 
a G Gal(C/Q) and take the transformed curve D a and the transformed graph 
of the action, a subset of D a x D a x G. 

Since there is only a finite number of isomorphism classes of such pairs 
(D, G) of a fixed genus g and with fixed group G, it follows that D is defined 
over Q and the chosen extension of a does not really matter. 

Finally, apply the action of a to the triangle curve (D a , G a ) and assume 
that the isomorphism class of (D a , G a ) is fixed by the action. This means 
then, setting b := a (a), that there is an isomorphism 

/: D a ^D b = D a[a) =D° a 

such that Ad(/) = Ad(cr). 

In other words, a identifies G a with Gb by our assumption and the two 
actions of G a on D a and D b are transported to each other by /. 

It suffices to show that under the isomorphism / the subgroup H a corre- 
sponds to the subgroup H b (i.e., Ad( f)(H a ) = H b ). 

Because then we conclude that, since C a = D a /H a , C b = D b /H b , f induces 
an isomorphism of C a with C b . 

And then by proposition 11.21 we conclude that a = b. 

We use now that Ad(/) = Ad(er), so it suffices to show the following 

Lemma 3.6. Ad(a)(H a ) = H b . 
Proof of the Lemma. 

Let K be the Galois closure of the field L (= splitting field of the field 
extension Q C L), and view L as embedded in C under the isomorphism 
sending x \- > a. 

Consider the curve C x obtained from C x by scalar extension C x := C x ®lK. 
Let also F x := F x ®l K the corresponding Belyi function with values in P^. 

Apply now the effective construction of the normal closure of section [2j 
hence, taking a connected component of (C x x P ^ ... x P ^ C x ) \ A we obtain a 
curve D x defined over K. 

Note that D x is not geometrically irreducible, but, once we tensor with C, 
it splits into several components which are Galois conjugate and which are 
isomorphic to the conjugates of D a . 

Apply now the Galois automorphism a to the triple D a — )■ C a — )■ P 1 . Since 
the triple is induced by the triple D x — > C x — > P^ by taking a tensor product 
Cg>i<-C via the embedding sending and the morphisms are induced by 

the composition of the inclusion D x C {C x ) d with the coordinate projections, 
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respectively by the fibre product equation, it follows from proposition 11.21 that 
a carries the triple D a -> C a -> P 1 to the triple D b ->■ C b -> P 1 . 

QED. 

□ 

If we want to interpret our argument in terms of Grothendieck's etale fun- 
damental group, we define C° := F a T 1 (P 1 \ {0, 1, oo}), and accordingly (7° and 
D° x . 

There are the following exact sequences for the Grothendieck etale funda- 
mental group (compare Theorem 6.1 of |SGAlj ): 

1 -> nf 9 (D° a ) -> nf 9 (D° x ) -> Gal(Q/Ji) -> 1 

1 -> 7r? fl (C£) ->• 7rf 5 (C x °) -> Gal(Q/A') -> 1 

1 7rf 9 (pi \ {0, 1, oo}) 7rf 9 (P], \ {0, 1, oo}) Gal(Q//l ) 1 

where H a and G a are the respective factor groups for the (vertical) inclu- 
sions of the left hand sides, corresponding to the first and second sequence, 
respectively to the first and third sequence. 

On the other hand, we also have the exact sequence 

1 -+ 7rf fl (P^ \ {0, 1, oo}) Trf^P^ \ {0, 1, oo}) -> Gal(Q/Q) 1. 

The finite quotient G a of ^"^(P^ \ {0,1, oo}) (defined over K) is sent by 
a G Gal(Q/Q) to another quotient, corresponding to D a ^, and the subgroup 
H a , yielding the quotient C a , is sent to the subgroup H a t a \. 

Remark 3.7. Assume that the two triangle curves D a and D b = -D<r(a) are 
isomorphic through a complex isomorphism f : D a — > D b (but without that nec- 
essarily (/, Ad(er)) yields an isomorphism of marked triangle curves (D a ,G a ), 
(D b ,G b )). 

We define ip : G a ^r G a to be equal to ip := Ad(<T _1 o /). 
Then Ad(/) = Ad(cr) o ip and applying to y G D b ,y = f(x) we get 
Ad(f)(g)(y) = (Ad(a)o^)(g)(y) & f(g(x)) = (Ad(ff) o ^)(g)(f(x)). 

Identifying G a with G b under Ad(er), one can interpret the above formula as 
asserting that f is only 'twisted' equivariant (f(g(x))" = "ip(g)(f(x)). 

Proposition 3.8. Assume that the two triangle curves D a and D b = D a r a \ are 
isomorphic under a complex isomorphism f and that the above automorphism 
'ip G Aut(G) such that f(g(x)) = (Ad(er) o ip)(g)(f(x)) is inner. 

Then C a = C b , hence a = b. 

Proof. If ip is inner, then the marked triangle curves (D a , G a ) = (D a , G a , i a ) (i a 
being the inclusion map of G a C Aut(D a )), and its transform by a, (D b , G*) = 
(D b , G a , Ad(cr) o i a ) are isomorphic. 

Then the argument of theorem 13.51 implies that C a = C b , hence a = b. 

□ 
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We pose here the following conjecture, which is a strengthening of the pre- 
vious theorem 13.51 

Conjecture 3.9. (Conjecture 2.13 in [Cat09j ) The absolute Galois group 
Gal(Q/Q) acts faithfully on the set of isomorphism classes of (unmarked) tri- 
angle curves. 

The following definition will be useful in the proof of theorem 10.41 

Definition 3.10. Let a G Q be an algebraic number and let (D a ,G a ) be the 
associated marked triangle curve obtained by the canonical procedure above 
(depending on an integer g >3). Then (D a , Aut(D )) is called the fully marked 
triangle curve associated to a. 

Remark 3.11. If we consider instead of (D a ,G a ) the fully marked trian- 
gle curve (D a , Aut(D a )) we have also the subgroup H a < Aut(D a ) such that 
Da/Ha = C a , where C a is the very special hyperelliptic curve associated to the 
algebraic number a. 

The same proof as the proof of theorem 13.51 gives 

Theorem 3.12. To any algebraic number a ^ Z there corresponds, through a 
canonical procedure ( depending on an integer g > 3), a fully marked triangle 
curve (D a ,Aut(D a )). 

This correspondence yields a faithful action of the absolute Galois group 
Gal(Q/Q) on the set of isomorphism classes of fully marked triangle curves. 

4. Connected components of moduli spaces associated to very 

special hyperelliptic curves 

Fix now an integer g > 3, and another integer g' > 2. 

Consider now all the algebraic numbers a ^ Q and all the possible smooth 
complex curves C' of genus g', observing that the fundamental group of C' is 
isomorphic to the standard group 

Tx gl := fa, Pi, . . ■,Oi g ' } P gl \U 9 i=l [a h P l ] = 1). 

Since g' > 2 and G a is 2— generated there are plenty of epimorphisms (sur- 
jective homomorphisms) /it: 7iy — > G a . For instance it suffices to consider the 
epimorphism 9: 7r g i — > ¥ g i from 7i g i to the free group ¥ g i :=< A 1; . . . , X g i > in 
g' letters given by 9{a^) = 0((3i) — A*, V 1 < i < g', and to compose 9 with 
the surjection 0: ¥ g i — ¥ G a , given by 0(Ai) = r , 0(A2) = t±, and 0(A«) = 1 for 
3 < i < g'. 

Consider all the possible epimorphisms ji: n g i — > G a . Each such fi gives a 
normal unramified covering D' — > C' with monodromy group G a . 

Let us recall now the basic definitions underlying our next construction: 
the theory of surfaces isogenous to a product, introduced in |Cat00] (see also 
|Cat03] ). and which holds more generally for varieties isogenous to a product. 

Definition 4.1. (1) A surface isogenous to a (higher) product is a com- 
pact complex projective surface S which is a quotient S = (C\ x C^fG 
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of a product of curves of resp. genera gi,g2 > 2 by the free ac- 
tion of a finite group G. It is said to be unmixed if the embedding 
i: G — > Aut(Ci x C2) takes values in the subgroup (of index at most 
two) Aut(Ci) x Aut(Ca). 

(2) A Beauville surface is a surface isogenous to a (higher) product which 
is rigid, i.e., it has no nontrivial deformation. This amounts to the 
condition, in the unmixed case, that (Ci,G) is a triangle curve. 

(3) An etale marked surface is a triple (5", G, rj) such that the action ofG is 
fixpoint free. An etale marked surface can also be defined as a quintuple 
(S, S',G,rj, F) where rj: G — > Aui(S') is an effective free action, and 
F: S — > S'/G is an isomorphism. 

Observe that a surjection of the fundamental group r : tti(S, y) — > G deter- 
mines an etale marked surface. Once a base point y is fixed, then the marking 
provides the desired surjection r. Moving the base point y around amounts to 
replacing r with the composition r o Ad (7), for 7 e iti(S, y). However, 

(r o Ad(7))(5) = r( 7 5 7 - 1 ) = (Ad(r( 7 )) o r){8). 

Therefore we see that we have to divide by the group Inn(G) acting on the 
left. 

In this case the associated subgroup of the covering is a normal subgroup, 
hence uniquely determined, independently of the choice of a base point above y; 
however, the corresponding isomorphism of the quotient group with G changes, 
and as a result the epimorphism r is modified by an inner automorphism 
of G. On the other hand the action of nontrivial elements in Out(G) := 
Aut(G)/ Inn(G) may transform the marking into a non isomorphic one. 

Remark 4.2. Consider the coarse moduli space 9Jl x , y of canonical models of 
surfaces of general type X with xiPx) = K\ = y. Gieseker ( \GieJ7\ ) proved 
that 9Jl x ,y is a quasi-projective variety. 

We denote by 9Jt the disjoint union U X! y>iWt X! y, and we call it the moduli 
space of surfaces of general type. 

Fix a finite group G and consider the moduli space ^0l xy for etale marked 
surfaces (X,X',G,r),F), where the isomorphism class [X] e ffll x , y - 

This moduli space ^Ol X y ^ s ^ m pty if there is no surjection r : 7Ti (X, y) — > G, 
otherwise we obtain that is a finite etale covering space ofDJl Xty with fibre 
over X equal to the quotient set 

Epi( 7 r 1 (X, Z /),G)/Inn(G). 

By the theorem of Grauert and Remmert ( [GR58] ) 0Jt^ y is a quasi-projective 
variety. 

Recall the following result concerning surfaces isogenous to a product 
( [UatOOj . |Uat03j ): 

Theorem 4.3. Let S = (Ci x C-^jG be a surface isogenous to a product. Then 
any surface X with the same topological Euler number and the same fundamen- 
tal group as S is diffeomorphic to S. The corresponding subset of the moduli 
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space 9ytg P = , corresponding to surfaces homeomorphic, resp, diffeo- 

morphic to S , is either irreducible and connected or it contains two connected 
components which are exchanged by complex conjugation. 

If S is a Beauville surface (i.e., S is rigid) this implies: X = S or X = S. 
It follows also that a Beauville surface is defined over Q, whence the Galois 
group Gal(Q/Q) acts on the discrete subset of the moduli space Wl of surfaces 
of general type corresponding to Beauville surfaces. 

It is tempting to make the following 

Conjecture 4.4. (Conjecture 2.11 in [Cat09j ) The absolute Galois group 
Gal(Q/Q) acts faithfully on the discrete subset of the moduli space DJl of sur- 
faces of general type corresponding to Beauville surfaces. 

Definition 4.5. Let 9T a be the subset of the moduli space of surf aces of general 
type given by surfaces isogenous to a product of unmixed type S = (D a x 
D')/G a , where D a ,D' are as above (and the group G a acts by the diagonal 
action). 

From |Gat00j and especially Theorem 3.3 of |Cat03j it follows: 

Proposition 4.6. For each a e Q, 9I a is a union of connected components of 
the moduli spaces of surfaces of general type. 

Moreover, for a G Gal(Q/Q) , a(m a ) = 9t CT(a) . 

Proof. Since D a is a triangle curve, the pair (D a , G a ) is rigid, whereas, varying 
C' and /i, we obtain the full union of the moduli spaces for the pairs (D', G a ), 
corresponding to the possible free topological actions of the group G a on a 
curve D' of genus \G a \(g' — 1) + 1. 

Thus, the surfaces S = (D a x D')/G a give, according to the cited theorem 
3.3 of |Gat03j . a union of connected components of the moduli space DJt of 
surfaces of general type. 

Choose now a surface 5* as above (thus, [S] G 9^) and apply the field 
automorphism a G Aut(C) to a point of the Hilbert scheme corresponding 
to the 5-canonical image of S (which is isomorphic to S, since the canonical 
divisor of S is ample). We obtain a surface which we denote by S a . 

By taking the fibre product of a with D a x D' — > S it follows that S c has 
an etale covering with group G a which is the product (D a y x (D') a . 

Recall that (C a ) a = C a ^ a ) (since a (a) corresponds to another embedding of 
the field L into C), and recall the established equality for Belyi maps (F a ) a = 
F CT(a ), which implies (D a ) a = D a{fl y 

On the other hand, the quotient of (D') a by the action of the group G a has 
genus equal to the dimension of the space of invariants dim(i7°(f2 1 D ,- 1(T ) G ' tl ), but 
this dimension is the same as g' = dim(H° (Q 1 D ,) Ga ) . Hence the action of G a 
on {D'Y is also free (by Hurwitz' formula), and we have shown that S u is a 
surface whose moduli point is in ^(o). 

Finally, since the subscheme of the Hilbert scheme corresponding to these 
points is defined over Q, it follows that the action on the set of connected 
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components of this subscheme, which is the set of connected components of 
the moduli space, depends only on the image a G Gal(Q/Q). 

□ 

Let us explain the rough idea for our strategy: for each a G Gal(Q/Q) which 
is nontrivial we would like to find a such that, setting b := a (a): 

(**) a b and 9t a and Wb do not intersect. 

If (**) holds, then we can easily conclude that a acts nontrivially on the set 
7r (9JT) of connected components of DJi. If (**) does not hold for each a, the 
strategy must be changed and becomes a little bit more complicated. 

Observe that the condition that 9T a and 9Tb intersect implies, by the structure 
theorem for surfaces isogenous to a product, only the weaker statement that 
the two triangle curves D a and Db are isomorphic. 

In order to resort to the result established in the previous section we first 
of all consider some connected components of moduli spaces of etale marked 
surfaces, specifically of etale marked surfaces isogenous to a product. 

Let therefore 5* = {C\ x C 2 )/G be a surface isogenous to a product, of 
unmixed type. Then the conjugate surface S a has an etale cover with group 
G, and we see that a acts on the etale marked surface (S, C\ x C*2,G, r/, F) 
carrying it to (S^Cf x C%,G cr ,ri (T 1 F cr ). In particular, Ad(a) identifies the 
group G acting on C\ x Ci with the one acting on Cf x Cf . 

Now, S a belongs to the same connected component of S, or to its complex 
conjugate, if and only if there exists an isomorphism $: n 1 (S a ) — >■ tti(S). 

Identifying G and G a via Ad(cr), the surjection r: ni(S) — > G, whose kernel 
is 7Ti(Ci x C2), yields a second surjection r o $: ^(S" 7 ) — > G, which has kernel 
7Ti(Ci x C2Y , by the unicity of the minimal realization of a surface isogenous 
to a product ( [CatOOj . prop. 3.15). 

Hence r o $ differs from the surjection r a via an automorphism if; G Aut(G) 
such that 

r o $ = ip o r a . 

The condition that moreover we get the same etale marked surface is that 
the automorphism -0 is inner. The above argument yields now the following 

Theorem 4.7. The absolute Galois group Gal(Q/Q) acts faithfully on the set 
of connected components of the (coarse) moduli space of etale marked surfaces 
isogenous to a higher product. 

Proof. Given a G Q, consider a connected component 91^ of the space of G- 
marked surfaces of general type Wt^ y corresponding to a given homomorphism 

fi: Tigi — G := G a . 

This homomorphism has a kernel isomorphic to ir g2 , and conjugation by 
elements of 7iy determines a homomorphism 

p: G -> Out + (7r 92 ) = Map 
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which is well defined, up to conjugation in the mapping class group Map ff2 (p 
is the topological type of the action of G). 

Our theorem follows now from the following 
Main Claim: if 0X£ = cr(OT^), then necessarily a = a (a). 

Our assumption says that there are two curves C, C of genus g', and two 
respective covering curves C2, C' 2 , with group G a and monodromy type p 
(equivalently, with topological type p of the action of G a ), such that there 
exists an isomorphism 

f:DZ* C% -+D a xC 2 
commuting with the action of G a on both surfaces. 

By the rigidity lemma 3.8 of |Cat00j . / is of product type, and since one 
action is not free while the other is free, we obtain that / = f\ x f 2 , where 
/1 : D a a — > D a commutes with the G a action. 

Therefore the marked triangle curves (D a ,G a ,i a ) and (D°, G a , Ad(a)i a ) are 
isomorphic and by Theorem 13.51 we get a = a (a). 

□ 

4.1. What happens, if we forget the marking? 

Assume now that a acts as the identity on the subset 7r (DT a ) of 7To(£0t), whose 
points correspond to the connected components 9T£ (image of 9I£ in the moduli 
space 9JI of surfaces of general type). 

Then we use the following trick: let A G Aut(G), and consider now the 
epimorphism A o p, to which corresponds the connected component 9t£ A of 
the moduli space. 

The component contains a surface S\ which is the quotient of the same 
product of curves C\ x C 2 , but where the action of G is different, since we 
divide by another subgroup, the subgroup 

G(X):={(g,X(g))cGxG}. 

Therefore the Galois action on C\ x C2 is always the same, and we get, by 
the above assumption, that there is an automorphism ip\ of G, induced by an 
isomorphism of ni(S\) with ivi(S^). 

Indeed, this isomorphism of fundamental groups is induced by an isomor- 
phism of S\ with the conjugate (S") a of another surface S" in the connected 
component; this isomorphism lifts to an isomorphism of product type 

A x j 2 ■ C 1 x C 2 9i CI x (c' 2 r- 

Notice that, for each A, (S'{) a is a quotient of Cf x (C' 2 r ) a . 

Identifying these two surfaces to S\ = (Ci x C-^jG via this isomorphism, we 
get that the Galois automorphism a acts on G x G by a product automorphism 
ip\ x ip 2 , and the automorphism tp\ of G is induced by the identification of 
G = G(X) given by the first projection. 
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Note that, while ipi is unique, ip2 is only defined up to an inner automor- 
phism, corresponding to an automorphism of C 2 contained in G. 

We must now have that 

(Vi x th)(G(\)) = G(\) ^ (Mg),MHg))) e g(\) & 

«^(A( 5 ))) = A(^(# 5 eG. 
By setting A = Id, we obtain ip 1 — 1[) 2 , and using 

1p2 ° A = A O 1p 1 

we reach the following conclusion 

Proposition 4.8. ipi lies in the centre Z(Aut(G)) of Aut(G), in particular 
the class [ipi] G Out(G) lies in the centre Z(Out(G)). 

Clearly, if this class is trivial, then the triangle curves (D a , G) and (Db, G) 
differ by an inner automorphism of G and we conclude by proposition 13.81 that 
C a — Cb, hence a = b, a contradiction. 

Hence we may assume that the class G Z(Out(G)) is nontrivial. 

We are now ready for the proof of 

Theorem 4.9. The absolute Galois group Gal(Q/Q) acts faithfully on the set 
of connected components of the (coarse) moduli space of surfaces of general 
type. 

There are two main intermediate results, which obviously together imply 
theorem 10.41 

For the first we need a new definition. 

Definition 4.10. Let a G Q \ Q and define G a := Aut(L> a ). 

Given a surjective homomorphism 

jX\ TTg' -> G a , 

with topological type p, consider all the Stale covering spaces G 2 — > G^jGa — C' 
of curves C' of genus g' with this given topological type. 

Consider then the connected component 9Tf of the moduli space of surfaces 
of general type DJl corresponding to surfaces isogenous to a product of the type 

S=(D a x C 2 )/G a . 

Proposition 4.11. Let A be the kernel of the action 0/ Gal(Q/Q) on 7r (9JT). 
Then ^ is an abelian subgroup. 

Proof. We want to embed the kernel ^ in an abelian group, e.g. a direct 
product of groups of the form Z(Out(G)), using proposition 14.81 

Assume that a lies in the kernel ^. Then, for each algebraic number a, and 
every p as above, a stabilizes the connected component 9Tf . 

Let us denote here for simplicity G := G a . 

Hence to a we associate an element [^i] G Z(Out(G)), which is nontrivial if 
and only if a (a) 7^ a. 
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Therefore it suffices to show that, for a fixed oGQ, and p: G — > Map 92 = 
Out(7r 92 ), the function explained before stating proposition 14.81 

o i-> foh] e Z(Out(G)) 

is a homomorphism. 

Observe that in fact, there is a dependence of ipi on o and on the algebraic 
number a. To stress these dependences, we change the notation and denote 
the isomorphism ipi corresponding to a and a, by ipcr,a, i-e., 

where $i : D a — > D a ^ a ) is the isomorphism induced by the fact that a stabilizes 
the component 

Since D a is fully marked, whenever we take another isomorphism $ : D a — > 
D a (a) we have that o $ x g Aut(D a ) = G. Therefore, since we work in 

Out(G a ), Vv,a does not depend on the chosen isomorphism $: D a — > D a ( a y 

Let now a, r be elements of .ft. We have then (working always up to inner 
automorphisms of G): 

• Vv,a = Ad(</> -1 cr), for any isomorphism <p: D a — >■ D a ^, and any alge- 
braic number a; 

• Vv,a = Ad($ _1 r), for any isomorphism $: £> a — >• -D T ( a ), and any alge- 
braic number a; 

• VVo-,a = Ad(\E'~ 1 rcr), for any isomorphism \&: D a — > D Ta ( a y 

We can choose ^> := ip T o <3>, and then we see immediately that 

(1) ?/W = Ad((^ r o $)-Va) = Ad($~ 1 (^)- 1 r ( x) = 

= Ad^-V^V-Va) = Ad($- 1 r) Ad(<p~V) = ^ o ^ r ,„. 

This shows that the injective map 

&^Hl[Z(Out(G a )), 

aeQ P 

is in fact a group homomorphism. Therefore .ft is abelian (as subgroup of an 
abelian group). 

□ 

Proposition 4.12. Any abelian normal subgroup .ft o/Gal(Q/Q) is trivial. 

Proof. Let N C Q be the fixed subfield for the subgroup .ft of Gal(Q/Q). 

A is a Galois extension of the Hilbertian field Q and N, if .ft is not trivial, 
is not separably closed. Hence, by proposition 16.11.6 of |F-J08] then Gal(A) 
is not prosolvable, in particular, .ft = Gal(A) is not abelian, a contradiction. 

□ 

Theorem 10.41 has the following consequence: 

Theorem 4.13. If a & Gal(Q/Q) is not in the conjugacy class of complex 
conjugation c, then there exists a surface isogenous to a product X such that X 
and the Galois conjugate surface X a have non isomorphic fundamental groups. 
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Proof. By a theorem of Artin (see cor. 9.3 in Lang] )) we know that any a 



which is not in the conjugacy class of c has infinite order. 

By theorem 10.41 the orbits of a on the subset of ttq(DJI) corresponding to the 
union of the DTa's have unbounded cardinality, otherwise there is a power of a 
acting trivially, contradicting the statement of 10.41 

Take now an orbit with three elements at least: then we get surfaces So, 
Si := Sq , S*2 := S° , which belong to three different components. Since we have 
at most two different connected components where the fundamental group is 
the same, we conclude that either tti(So) ^ ^i(Si) or 7r 1 (S'i) ^ tti(S 2 ). 

□ 

Observe that X a and (X a ) a have isomorphic Grothendieck etale fundamental 
groups. In particular, the profinite completion of 7Ti(X a ) and 7ri((X a ) CT ) are 
isomorphic. In the last section we shall give explicit examples where the actual 
fundamental groups are not isomorphic. 

Another interesting consequence is the following. Observe that the absolute 
Galois group Gal(Q/Q) acts on the set of connected components of the (coarse) 
moduli spaces of minimal surfaces of general type. Theorem 14.131 has as a 
consequence that this action of Gal(Q/Q) does not induce an action on the set 
of isomorphism classes of fundamental groups of surfaces of general type. 

Corollary 4.14. Gal(Q/Q) does not act on the set of isomorphism classes of 
fundamental groups of surfaces of general type. 

Proof. In fact, complex conjugation does not change the isomorphism class 
of the fundamental group (X and X are diffeomorphic). Now, if we had an 
action on the set of isomorphism classes of fundamental groups, then the whole 
normal closure $) of the Z/2 generated by complex conjugation (the set of 
automorphisms of finite order, by the cited theorem of E. Artin, see corollary 
9.3 in |Lang| ) would act trivially. 

By Theorem 14 . 1 3 1 1 he subgroup would then be equal to the union of these 
elements of order 2 in Gal(Q/Q). But a group where each element has order 
< 2 is abelian, and again we would have a normal abelian subgroup, $), of 
Gal(Q/Q), contradicting El 

□ 

The above arguments show that the set of elements a G Gal(Q/Q) such 
that for each surface of general type S and S a have isomorphic fundamental 
groups is indeed a subgroup where all elements of order two, in particular it is 
an abelian group of exponent 2. 

Question 4.15. (Conjecture 2.5 in |Oat09j ) Is it true that for each a G 
Gal(Q/Q), different from the identity and from complex conjugation, there 
exists a surface of general type S such that S and S a have non isomorphic 
fundamental groups ? 

It is almost impossible to calculate explicitly the fundamental groups of the 
surfaces constructed above, since one has to explicitly calculate the monodromy 
of the Belyi function of the very special hyperelliptic curves C a . 
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Therefore we give in the next section explicit examples of pairs of rigid 
surfaces with non isomorphic fundamental groups which are Galois conjugate. 

5. Explicit examples 

In this section we provide, as we already mentioned, explicit examples of 
pairs of surfaces with non isomorphic fundamental groups which are conjugate 
under the absolute Galois group. Hence they have non isomorphic fundamental 
groups with isomorphic profmite completions (recall that the completion of a 
group G is the inverse limit 

d = lim K < /G (G/K), 

of the factors G/K, K being a normal subgroup of finite index in G). 
The surfaces in our examples are rigid. 
In fact, we can prove the following 

Theorem 5.1. Beauville surfaces yield explicit examples of Galois conjugate 
surfaces with non-isomorphic fundamental groups (whose profinite completions 
are isomorphic). 

We consider (see |BGG06j for an elementary treatment of what follows) 
polynomials with only two critical values: {0, 1}. 

Let P 6 Cjz] be a polynomial with critical values {0, 1}. 

In order not to have infinitely many polynomials with the same branching 
behaviour, one considers normalized polynomials P(z) := z n +a n _2Z n ~ 2 + - ■ ■ clq- 
The condition that P has only {0, 1} as critical values, implies, as we shall 
briefly recall, that P has coefficients in Q. Denote by K the number field 
generated by the coefficients of P. 

Fix the types (mi, . . . , m r ) and (ni, . . . , n s ) of the cycle decompositions of 
the respective local monodromies around and 1: we can then write our 
polynomial P in two ways, namely as: 

r 

P(z) = ]J(z-fa) m % 

8=1 

and 

s 

P(*) = l + IJ(z- 7jfe ) n *. 

fc=l 

We have the equations Fi = m ifii — and F 2 = n klk = (since P 
is normalized). Moreover, mi + . . . + m r — ri\ + . . . + n s — n — degP and 
therefore, since 'Yl l ji m j ~ 1) + J2i( n i — 1) = ft — 1, we get r + s — n+ 1. 

Since we have n^i^ — A) mi = 1 + EI/Ui^ — 1k) nk , comparing coeffi- 
cients we obtain further n — 1 polynomial equations with integer coefficients 
in the variables fa, jk, which we denote by F 3 = 0,...,F n+ i = 0. Let 
V(n; (mi, . . . , m n ), (m, . . . , n s )) be the algebraic set in affine {n + l)-space de- 
fined by the equations F\ — 0, . . . , F n+ i = 0. Mapping a point of this algebraic 
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set to the vector (a , . . . , a n _ 2 ) of coefficients of the corresponding polynomial 
P we obtain a set 

W(n; (mi, ... , m n ), (m, . . . , n s )) 

(by elimination of variables) in affine {n — 1) space. Both these are finite 
algebraic sets defined over Q since by Riemann's existence theorem they are 
either empty or have dimension 0. 

Observe also that the equivalence classes of monodromies fi: 7Ti(P 1 \ 
{0.1. oo}) — y & n correspond to the orbits of the group of n-th roots of 1 (we 
refer to [BCG06j for more details). 

Lemma 5.2. 

W:=W(7; (2, 2, 1, 1, 1); (3, 2, 2)) 
is irreducible over Q and splits into two components over C. 

Proof. This can easily be calculated by a MAGMA routine. □ 

The above lemma implies that Gal(Q/Q) acts transitively on W. Looking 
at the possible monodromies, one sees that there are exactly two real non 
equivalent polynomials. 

In both cases, which will be explicitly described later on, the two permuta- 
tions, of types (2,2) and (3,2,2), are seen to generate 2I7 and the respective 
normal closures of the two polynomial maps are easily seen to give (we use 
here the fact that the automorphism group of 2I7 is 67) nonequivalent triangle 
curves D\, D 2 . 

By Hurwitz's formula, we see that g(D$ = ^(1 -|-±-±) + l = 241. 

Definition 5.3. Let (01,02,03) and (61,62,^3) be two spherical sys- 
tems of generators of a finite group G of the same signature, i.e., 
{ord(ai),ord(a2),ord(a 3 )} = {ord(bi),ord(b 2 ),ord(b 3 )}. Then (ai,a 2 ,a 3 ) and 
(61, b2,bs) are called Hurwitz equivalent iff they are equivalent under the equiv- 
alence relation generated by 

(a 1 ,a 2 ,a 3 ) = (a 2 ,a2 1 a 1 a 2 ,a 3 ), 
(a 1 ,a 2 ,a 3 ) = (a 1 ,a 3 ,a 3 1 a 2 a 3 ). 

It is well known that two such triangle curves are isomorphic, compatibly 
with the action of the group G, if and only if the two spherical systems of 
generators are Hurwitz equivalent. 

Lemma 5.4. There is exactly one Hurwitz equivalence class of triangle curves 
given by a spherical system of generators of signature (5, 5, 5) 0/2I7. 

Proof. This is shown by an easy MAGMA routine. □ 

Remark 5.5. In other words, if D\ and D2 are two triangle curves given by 
spherical systems of generators of signature (5,5,5) ofty.-?, then D\ and D2 are 
not only isomorphic as algebraic curves, but they have the same action of G. 
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Let D be the triangle curve given by a(ny) spherical systems of generators 
of signature (5, 5, 5) of 2l 7 . Then by Hurwitz' formula D has genus 505. 

Consider the two triangle curves D x and D 2 as in example 15.21 Clearly 2l 7 
acts freely on D\ x D as well as on D 2 x D and we obtain two non isomorphic 
Beauville surfaces S 1 := {D x x D)/G, S 2 := (D 2 x D)/G. 

Proposition 5.6. 1) Si and S 2 have nonisomorphic fundamental groups. 

2) There is a field automorphism o G Gal(Q/Q) such that S 2 = {Si) a . In 
particular, the profinite completions ofiri(Si) and iri(S 2 ) are isomorphic. 

Remark 5.7. The above proposition proves theorem \5.1[ 

Proof. 1) Obviously, the two surfaces Si and S 2 have the same topological 
Euler characteristic. If they had isomorphic fundamental groups, by theorem 
3.3 of [Cat03j . S 2 would be the complex conjugate surface of S\. In particular, 
C\ would be the complex conjugate triangle curve of C 2 : but this is absurd 
since we shall show that both C\ and C 2 are real triangle curves. 

2) We know that (SiY = ((Ci) a x (C) a )/G. Since there is only one Hurwitz 
class of triangle curves given by a spherical system of generators of signature 
(5, 5, 5) of 2l 7 , we have (C) a = C (with the same action of G). □ 

We determine now explicitly the respective fundamental groups of S\ and 
S 2 . 

In general, let (a 1; . . . , a n ) and (61, ... , b m ) be two sets of spherical gen- 
erators of a finite group G of respective order signatures r := (7*1, . . . , r n ), 
s := (si, . . . , s m ). We denote the corresponding 'polygonal' curves by D x , 
resp. D 2 . 

Assume now that the diagonal action of G on D\ x D 2 is free. We get then 
the smooth surface S := {D\ x D 2 )/G, isogenous to a product. 

Denote by T r := T(r 1; . . . , r n ) the polygonal group 

{xi, . . . , X n _i|Xi = . . . = x n _i = (x\X 2 . . . X n —\) = 1). 

We have the exact sequence (cf. |Cat00] cor. 4.7) 

1 -)■ TTi X 7T 2 ->■ T r X T s -)■ G X G ->■ 1, 

where 7Tj := ^(Dj). 

Let Ac be the diagonal in G x G and let if be the inverse image of 
under $:T r xT s 4(jxG. We get the exact sequence 

1 — y 7ii x ti 2 — y H — > G = Aq — > 1. 
Remark 5.8. tti(5) = ("c/. jCatOO] cor. 4.7). 

We choose now an arbitrary spherical system of generators of signature 
(5,5,5) of 2l 7 , for instance ((1, 7, 6, 5, 4), (1, 3, 2, 6, 7), (2, 3, 4, 5, 6)). Note that 
we use here MAGMA's notation, where permutations act on the right (i.e., ab 
sends x to (xa)b). 

A MAGMA routine shows that 



(2) ((1, 2)(3, 4), (1, 5, 7)(2, 3)(4, 6), (1, 7, 5, 2, 4, 6, 3)) 
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and 

(3) ((1, 2)(3, 4), (1, 7, 4)(2, 5)(3, 6), (1, 3, 6, 4, 7, 2, 5)) 

are two representatives of spherical generators of signature (2, 6, 7) yielding 
two non isomorphic triangle curves C\ and C 2 , each of which is isomorphic to 
its complex conjugate. In fact, an alternative direct argument is as follows. 
First of all, Cj is isomorphic to its complex conjugate triangle curve since, 
for an appropriate choice of the real base point, complex conjugation sends 
a I—?- or 1 ,b 6" 1 and one sees that the two corresponding monodromies are 
permutation equivalent (see Figure [1] and Figure [2]) . 

Moreover, since Aut(2l7) = ©7 ; if the two triangle curves were isomorphic, 
then the two monodromies were conjugate in & 7 . That this is not the case is 
seen again by the following pictures. 




FIGURE 1. Monodromy corresponding to (1) 




FIGURE 2. Monodromy corresponding to (2) 

The two corresponding homomorphisms $i : 7(2,6,7) x 7(5,5,5) — ► 21? x 2I7 and 
$ 2 : 7(2,6,7) x 7(5,5,5) — ► 2I7 x 2I7 give two exact sequences 

1 ->• 7Ti(Ci) X 7Ti(C) -> r (2)6)7) X T (5i5i5) -> 2l 7 X 2l 7 ->> 1, 

and 

1 -> 7ri(C 2 ) X 7Ti(C) -)• T (2 ,6,7) x T {5i5 ,5) -> 2l 7 x 2l 7 -> 1, 

yielding two non isomorphic fundamental groups ni(Si) = $ 1 1 (A 2 i 7 ) and 
7i"i(£2) = $^" 1 (A 2 i 7 ) fitting both in an exact sequence of type 

1 -»■ 7T 2 41 X 7T505 -> 7Ti(iSj) ^ = 2t 7 -»■ 1, 

where 7r 24 i = 7Ti(Ci) = ni(C 2 ), 7r 50 5 = 7Ti(C). 

Using the same trick that we used for our main theorems, namely, using a 
surjection of a group U g — > 2l 7 , g>2,we get infinitely many examples of pairs 
of fundamental groups which are nonisomorphic, but which have isomorphic 
profinite completions. 

This implies the following 
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Theorem 5.9. There is an infinite sequence g x < g 2 < . . . < g. t < . . . and 

for each g^ there is a pair of surfaces S±(gi) and S 2 (gi) isogenous to a product, 
such that 

• the corresponding connected components %l(Si(gi)) and ^(S^Gfc)) are 
disjoint, 

• there is a a G Gal(Q/Q) such that = < R(S 2 (g i )), 

• iri(Si(gi)) is non isomorphic to 714 (S^G?*))* but they have isomorphic 
profinite completions, 

• the fundamental groups fit into an exact sequence 

1 -> n 241 x ILg, miSjigi)) — >■ 2I7 — >■ 1, j = 1, 2. 

Remark 5.10. 1) Many more explicit examples as the one above (but with 
cokernel group different from 2l 7 ) can be obtained using polynomials with two 
critical values. 

2) A construction of polynomials with two critical values having a very large 
Galois orbit was proposed to us by D. van Straten. 
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